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1. INTRODUCTION 
Let p be a prime and let G be a finite p-solvable group. In this situation, 
the set IBr(G) of irreducible Brauer characters of G (with respect to p) is 
uniquely determined by Irr(G), the ordinary irreducible characters of G. 
Specifically, by the Fong-Swan theorem (see Theorem 72.1 of ] 1 ] or 
Theorem 5.4 of IS]), each o E IBr(G) is of the form cp =x* for some 
x E Irr(G), where the asterisk denotes restriction to the set of p-regular 
elements of G. Now IBr(G) can be identified as the “irreducible” members of 
{x* Ix E WG)L i.e., those which cannot be written in the form x* =,u* + r* 
for p, v E Char(G). 
Now we replace p by a set 71 of primes and we consider restrictions of 
irreducible characters to the set of n-regular elements of some group G. Write 
I”(G) to denote the set of irreducible restrictions as above. If 71 = (p 1 and G 
is p-solvable, then I”(G) = IBr(G) and, in particular, I”(G) is a basis for the 
space of n-regular class functions of G. How much more generally does this 
hold? 
It is easily seen that I”(G) always spans the space of x-regular class 
functions. Even when rc = {p}, however, it is not generally the case that 
I”(G) is linearly independent if G is not assumed to be p-solvable. (For 
instance, take G = A, and p = 2 or G = PSL(2,7) and p = 7.) On the other 
hand, we shall prove the following. 
THEOREM A. Let G be n-separable where R is any set of primes. Then 
I”(G) is a basis for the z-regular class functions of G. In particular, /I”(G)] 
is equal to the number of x-regular classes of G. 
The significance of Theorem A is that I”(G) behaves as a x-generalization 
for Brauer characters in a n-separable group. There is no analog apparent, 
however, for the corresponding modular representations. 
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How can Theorem A be proved? If 7~ = (p}, the proof we sketched above 
ultimately rests on Brauer’s theorem that for any finite group, the number of 
similarity classes of irreducible p-modular representations is equal to the 
number of p-regular classes. For general X, we do not have rr-modular 
representations available and we use an entirely different approach which is 
motivated by [7]. 
In that paper, it was shown how, for a p-solvable group G, to construct a 
canonical subset J’(G) E Irr(G) such that the restriction map x+x* defines 
a bijection p(G) + IBr(G). Although in 17) the definition of p(G) depended 
on knowing IBr(G), this is not strictly necessary, and it is possible to 
construct y(G) by working entirely with ordinary characters of G and its 
subgroups. In this paper we generalize this construction to n-separable 
groups for arbitrary sets 7~ of primes, and we thereby define r(G) E Irr(G). 
With some effort, we show that the restrictions x* to n-regular elements for 
x E Y”(G) are distinct and form a basis for the n-regular class functions 
of G. Furthermore, if v/ E Irr(G) and we write v* in terms of this basis, then 
the coefficients are all non-negative integers. If follows that 
{x* )x E Y%(G)} = I”(G) and this proves Theorem A. 
Most of this paper is devoted to the definition and properties of Y”(G), 
and one might almost say that Theorem A is incidental by comparison. The 
set P(G) contains the set of rr’-special characters <Km,(G) as defined by 
Gajendragadkar [3] and the x E YE(G) may be thought of as some kind of 
generalized &-special characters. From this point of view, the notation Y” is 
rather confusing since it focuses attention on the wrong (complementary) set 
of primes, and so we switch to an alternate notation. We shall write 
P(G) = B,,(G) so that n-special characters of G lie in B,(G) (and in fact, it 
turns out, are exactly the characters in B,(G) which have n-degree). 
One property of n-special characters proved in [3] is that their restrictions 
to a Hall n-subgroup are irreducible and distinct. This generalizes to B,(G) 
as follows. (The subscript x on an integer denotes its n-part.) 
THEOREM B. Let G be n-separable and let HE G be a Hall z-subgroup. 
If x E B,(G), then the smallest degree of any irreducible constituent of xH is 
x(l),. If a is such a minimal degree constituent of x,,, then [xH, a 1 = 1 and 
[ wH, a 1 = 0 for all IJJ E B,(G) with v/ # x. 
In the “classical” case where 7c = p’ so that B,(G) = y(G) and H is a p- 
complement, the restrictions x,, for x E B,(G) are precisely the restrictions 
v)~ for q E IBr(G). In this situation, Fong [2] proved that oH has an 
irreducible constituent a such that a(l) = o(l),, and a’ = Qvf the 
“projective indecomposable” character corresponding to ~1. 
As we shall see, Theorem B includes the full strength of Fong’s result and 
so we refer to the minimal degree constituents a of Theorem B as Fang 
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characters. A characterization of which irreducible characters of a Hall 
subgroup are Fong characters and when two such objects are associated with 
the same x E B,(G) will be deferred to a later paper. 
By their very definition, the n-special characters of a n-separable group G 
behave well with respect o the normal subgroup structure of G. For instance, 
if N a G and x E Irr(G) is n-special, then all irreducible constituents of x,\, 
are n-special. The analogous result holds for B,-characters, although the 
proof is not at all trivial in that case. In fact, obtaining control of the 
relationship between B,(G) and B,(N) for N Q G is the crucial step in 
proving both Theorems A and B. 
No attempt is made in this paper to expand our “71-Brauer character 
theory” into a “n-block theory” although the first step in such an endeavor is 
clear: one can define n-blocks in Irr(G) according to the linking induced by 
decomposition in terms of I”(G). This will be discussed in some detail in a 
forthcoming paper by M. Slattery. 
2. T-SPECIAL CHARACTERS 
The purpose of this section is to present some of the facts about n-special 
characters which constitute the foundation upon which this paper is based. 
The definition involves the determinantal order o(O) of a character 8, which 
is the order in the group of linear characters of det(0). 
(2.1) DEFINITION. Let G be n-separable. We say that 1 E Irr(G) is 
z-special provided that 
(i) x(1) is a n-number, 
(ii) for all S Q-CI G and all irreducible constituents 13 of xS, the deter- 
minantal order o(6) is a n-number. 
The set of n-special characters of G is denoted X,(G). 
We now list three lemmas which relate X,(G) to the normal structure 
of G. The first is essentially trivial and the others can be found in [3]. We 
assume throughout hat G is n-separable. 
(2.2) LEMMA. Let x E Irr(G) be n-special. Then every irreducible 
constituent of xN is n-special for every normal (or subnormal) subgroup N 
ofG. I 
(2.3) LEMMA. Let N a G and suppose GIN is a n-group. Let 0 E Irr(N) 
be x-special. Then every irreducible constituent of 9’ is n-special. 1 
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(2.4) LEMMA. Let N 4 G and suppose G/N is a Y-group. Let 
6’ E Irr(N) be invariant in G and n-special. Then 0’ has a unique x-special 
irreducible constituent 8 and, in fact, 8 extends 8. 1 
The following remarkable result is the key to the usefulness of n-special 
characters. 
(2.5) THEOREM [3, Proposition 7.11. Let G be n-separable and assume 
that a, /I E Irr(G) are n-special and &-special, respectively. Then the product 
a,8 is irreducible. If also al/I’ = a/I, where a’ and /3’ are n-special and 
n’-special, then a = a’ and /? =/I’. I 
If x E Irr(G) can be written in the form x = a/I, where a is n-special and /3 
is n/-special, we say that x is n-factorable. We need some results relating n- 
factorability and normal subgroups. 
(2.6) COROLLARY. Let G be n-separable and let x E Irr(G) be n- 
factorable. Then every irreducible constituent of xN is nfactorable for every 
normal (or subnormal) subgroup N of G. 
Proof: Write x = ap, where a and /3 are n-special and &-special, respec- 
tively. Then xN = a,b, and the irreducible constituents of aN and @, are 
n-special and n’-special by Lemma 2.2. Thus xN is a sum of products of 
n-special with n’-special characters. The result follows since these are all 
irreducible by Theorem 2.5. 1 
(2.7) PROPOSITION. Let G be n-separable and let N (1 G be such that 
G/N = (U/N) x (V/N), w ere h U/N is a n-group and V/N is a Y-group. 
Suppose 8 E Irr(N) and 6’ = ap, where a is n-special and invariant in V and 
/I is ?-special and invariant in U. Then every irreducible constituent of 8’ is 
n-factorable. 
ProoJ We may assume N < G and we work by induction on (G : NI. Let 
M/N be a chief factor of G. Each x E Irr(G ) S) lies in Irr(G ( v) for some 
I,V E Irr(M 1 e). Since G/M = (UM/M) x (VM/M) is a direct product of a 
n-group and a n’-group, it suffices by the inductive hypothesis to show that 
I,U E Irr(M 1 0) is n-factorable with r-factor invariant in MV and n’-factor 
invariant in MU. 
Now M/N is either a n-group or a rr’-group and it is no loss to assume the 
former, so that MS U. Then ,8 is invariant in M and so by Lemma 2.4 it has 
a unique n’special extension ,8 E Irr(M). Since /I is invariant under U, it 
follows from the uniqueness that fi is invariant in U also. 
Each ,U E Irr(M 1 a is n-special by Lemma 2.3 and thus ,u/? E Irr(M 1 t9) for ) 
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all such ,u. To show that these characters exhaust Irr(M / e), we observe that 
they are distinct for distinct ,D and we show that 
\‘ y(l)2 =P(l)’ 1‘ PW2. 
aElrr(Mle) tlEl;;;MICl) 
(7 
In fact, for any 7 E Irr(N), it is easy to check that 
T‘ 
o&M,r) 
a(1)’ = t7(1)2 Iit4 : NI, 
where f is the size of the orbit of 7 under M. However, since p is invariant in 
M, it follows from the unique factorization 8 = c$ that the stabilizers of a 
and 8 in M are equal and so the orbit sizes are equal too. The equation (*) 
now follows and we conclude that for w E Irr(M I@, we can write v/ = ,uB for 
some p E Irr(M / a). 
What remains is to show that p is invariant in VM. By Lemma 2.4, a 
extends to n-special ci E Irr(V), and since 
((cp)M = ((ii),)” = a”, 
we see that (a^)“” has some irreducible constituent q E Irr(VM 1 ,u). However, 
n has n-degree (and in fact is x-special) since it lies over B and VM/V is a 
n-group. It follows that q,,,, is irreducible since VM/M is a +-group, and thus 
vu = p. In particular, U is invariant in VM, as required. 1 
(2.8) COROLLARY. Let G be n-separable and suppose G = (U, V), where 
U, V (I Q G, U n V = N 4 G and each of U/N and V/N is either a n-group 
or a &-group. Suppose 13 E Irr(U) and cp E Irr( V) are n-factorable and that 
6, and qPN have some common irreducible constituent q. Then every 
irreducible constituent of qG is n-factorable. 
Prooj We may suppose that U/N is a rc-group. Write q = ap, where a is 
x-special and p is +-special. Then jI is necessarily the restriction to N of the 
rr’special factor of 0, and in particular p is invariant in U. 
If also V/N is a n-group then p is invariant in V and hence p is invariant 
in G = (U, V). In this case, by subnormality, U/N E O,(G/N) and also 
V/N s O,(G/N) and therefore G/N is a n-group. The result now follows 
from the special case of Proposition 2.7, where the 7~’ direct factor of G/N is 
trivial. 
If, on the other hand, V/N is a &-group, then reasoning as above, a is 
invariant in V. In this case U/N c O,(G/N) and V/N E O,,(G/N) and so 
these subgroups centralize each other. Thus G/N = (U/N) x (V/N) and 
Proposition 2.7 applies. 1 
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(2.9) COROLLARY. Let G be n-separable and suppose N 4 G and G/N 
is either a z-group or a Y-group. Let r E Irr(N). If any irreducible 
constituent of qG is z-factorable, then all of them are. 
ProoJ This is the special case of Corollary 2.8 where U= G and 
V=N. fl 
3. FACTORABLE SUBNORMAL PAIRS 
We consider pairs (H, S), where H is a subgroup of some fixed group G 
and 19 E Irr(H). We write (H, 8) < (K, q) if H c K and B is a constituent 
of qH. This defines a partial order on the set of character pairs. If g E G, we 
write (H, B)g to denote the pair (Hg, P), where BR E Irr(EP) is defined by 
F(hg) = B(h). Note that this conjugation action of G respects the partial 
order. 
(3.1) DEFINITION. Let G be n-separable. A r-factorable subnormal pair 
is a pair (S, e), where S (14 G and 0 is z-factorable. The set of z-factorable 
subnormal pairs in G is denoted .~F,(G) and we write F:(G) for the set of 
maximal elements of .Fz(G). The subscript n will usually be suppressed. 
(3.2) THEOREM. Let G be z-separable and let x E Irr(G). Then 
(a) There exists (U, 89 E .F*(G) with (U, 0) < (G, x). 
(b) /f also (V, v,) E <F(G) with (K V) < (G, x), then (K v)” < (K 8) 
for some g E G. 
Note that a consequence of Theorem 3.2 is that for each x E Irr(G), there 
is a unique conjugacy class of maximal factorable subnormal pairs below x. 
Of course, if x is itself z-factorable, then (G, x) is the required maximal pair. 
Proof of Theorem 3.2. Let (U, 0) E F(G) be maximal with the property 
that (U, 8) < (G, x). (Note that (27, t9) exists since (1, 1,) E jr(G) and this 
pair lies below (G, x).) To prove (a), we show that (U, 8) E F*(G). 
If (U, e) @F*(G), then choose (S, u) E jr(G), minimal such that 
(S, a) > (U, 0). There can be no T au G with S > T > U since otherwise 
we can choose t E Irr(7’) with (S, a) > (T, t) > (U, 0) and we observe that 
(T, 7) E F(G) by Corollary 2.6. This violates the choice of (S, a). It follows 
from the subnormality of U and S that U u S and S/U is a simple group. In 
particular, S/U is either a n-group or a z’-group. 
Since UE S, we can choose w E Irr(S) with (G, x) 2 (S, w) > (U, 8). 
Because 0 is z-factorable, it follows by Corollary 2.9 that ‘y is n-factorable 
also, and so (S, w) E X(G). This contradicts the choice of (U, 8) and so we 
can conclude that (U, 19) E F*(G) as required. 
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Now let (V, cp) E F(G) with (V, q) < (G, x). In order to prove (b), it is no 
loss to assume that (V, q) is maximal amqong those elements of c;T(G) below 
(G, x), and so by the first part of the proof, (V, rp) E -F*(G). We must show 
that there exists g E G such that (V, ~0)” = (U, 0). 
Replace (V, cp) by a G-conjugate such that D = Un V has order as large 
as possible. If this can be done in such a way that (D, and BD have a common 
irreducible constituent, assume this also. Suppose (V, cp) and (U, 8) are not 
conjugate. 
We claim that (U, V) = G. Since U and V are both subnormal in G, so is 
(U, V) and so if this subgroup is proper, then there exists a proper normal 
subgroup M with (U, V) 5 M. We have (V, co) < (M, w) < (G, x) and 
(U 8) < (M Y’) < (G xl f or some y, I@ E Irr(M). Since the irreducible 
constituents of xM are G-conjugate, we have I,# = I@ for some g E G and 
thus (V, VP>” < (M, v/‘). Now (V, rp)” and (U, 0) are automatically in .7-*(M) 
and both lie below (M, w’), and we conclude (working by induction on / G/) 
than (V, (0)” and (U, 19) are conjugate in M. It follows that (U, 0) and (V, p) 
are G-conjugate, contrary to assumption, and therefore (U, V) = G, as 
claimed. 
Now U f G since otherwise (U, 0) = (G, x) > (V, p) and by the 
maximality of (V, cp), we would have (U, 0) = (V, rp), which we are assuming 
is not the case. We can therefore choose a maximal proper normal subgroup 
M a G such that U c M, and we write X = Vn M. Let < be an irreducible 
constituent of ppx and observe that X a 4 M and [ is n-factorable by 
Corollary 2.6. In other words, (X, [) E .F(M). 
We have (X, 5) < (M, w) < (G, x) and also (U, 0) < (M, w’) < (G, x) for 
some y, v/’ E Irr(M). As before, we have ly’ = @ for some g E G and hence 
(X, [)g < (M, v/‘). Since (X, 4)” E 3-(M) and (17, 13) E <F*(M), the inductive 
hypothesis applied to M yields that (X, 0”” < (U, f3) for some m E M. In 
particular, X gm~ U. We now have Xgmc_ UC? VRm and also X=Mn VZ _ 
UnV=Dsothat(UnVg”I~(XgmI=(X(~1D(.BythechoiceofD,this 
inequality cannot be strict, and this yields that X = D. Therefore D = V n 
M 4 V and also, since Vh4 2 (U, V) = G, we have V/D r G/M, which is a 
simple group. By symmetry, D 4 U and U/D is also a simple group. By 
symmetry, D 4 U and U/D is also a simple group. Furthermore, G = 
(U, V) c N,(D) and so D a G. 
Now (V, VP) > (D, r) and (U, 0) > (D, r’) for some q, q’ E Irr(D). Because 
D a G and both r] and q’ lie below x, it follows that 11’ = qR for some g E G. 
Thus (V, q)” and (U, 0) both lie over (D, q’). Since Vg n U 1 D, we have 
Vg f3 U = D and thus replacing (V, cp) by (V, P)~, we see that the maximal 
intersection D can be obtained in such a way that q,, and 0, have a common 
irreducible constituent. By the original choice of (V, rp), we may assume ppD 
and 0, do have a common constituent q E Irr(D). 
Since UjD and V/D are simple, each is either a n-group or a &-group. 
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The hypotheses of Corollary 2.9 are thus satisfied and we conclude that x is 
n-factorable. Therefore, (G,x) ER*(G) and this forces (U, 0) = 
(Gx)=V,P). I 
We mention one more easy fact which we will need later. 
(3.3) LEMMA. Let G be x-separable and suppose N (1 G. Let (U, q) E 
X*(N) and (U, 9) < (S, 19) EST(G). Then Sn N = U. 
Proof: Let 6E Irr(Sn N) be such that (U, q)< (Sfl N, 8) < (S, 8). 
Since 0 is n-factorable, so is S by Corollary 2.6. Clearly, S n N (14 N and 
thus (Sn N, S) EF(N). By the maximality of (U, o), we conclude that U = 
S n N as required. 1 
4. THE NUCLEUS OF A CHARACTER 
If G is n-separable and x E Irr(G), we construct in this section a particular 
pair (W, y) with y x-factorable and yG = x. The pair (W, 7) is uniquely deter- 
mined (up to G-conjugacy) by its construction, although no useful charac- 
terization of the set of pairs which arise this way is available. 
We begin with a lemma which is quite general. 
(4.1) LEMMA. Let N (1 G and KC G be such that NK = G and write 
Nn K = M. Let 0 E Irr(N) be invariant in G and let v, E Irr(A4) be invariant 
in K. Assume that (8,,,, o] = 1. For x E Irr(G j 6) and < E Irr(K 1 p), write 
x-t f[xK,tl~O. Then t) is a bijection between Irr(G ) 0) and Irr(K 1~). 
Also, if,y- r then [,yK, l] = 1 and 
x(1)/r(l) = WV?(l)* 
ProoJ Suppose x +-+ 4 and write xN = eB and &, = fo. Then 
f = KM9 PI G Khh, ‘PI = [WM9 (PI = 4by VI = e 
and equality can occur only if [xK, {] = 1 and r is the unique irreducible 
constituent of xK which lies over p. (Note that the latter condition says that 
given x, r is uniquely determined by the relation x c-, r.) 
Also, 
and equality can occur only if x is uniquely determined by < via the relation 
x t, r. It follows that e = f, [xX, r] = 1 and each of x and r uniquely 
determine the other. In particular 
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and all that remains is to show that for each x E Irr(G ) S), there is at least 
one c E Irr(K 1 9) with x ++ 5, and vice versa. 
Given x, however, we have seen that [ kK)M, 91 > 0 and thus x tt c for 
some c E Irr(K 19). Similarly, given 5, we have [((c)G),V, 01 > 0 and it 
follows that some x exists with x t--t <. I 
Two cases which are probably worth special mention are the following. 
(The first appears as Lemma 10.5 of [4].) 
(4.2) COROLLARY. Let N a G and K 5 G with NK = G and 
N n K = M. Let 19 E Irr(N) be invariant in G and assume cp = O,W is 
irreducible. Then restriction defines a bijection Irr(G ) 19) + Irr(K ) 9). 
ProoJ Note that 9 is automatically invariant in K so that Lemma 4.1 
applies. Ifx-r, thenX(l)=Ql) since 13(1)=9(l), and thusX,=& m 
(4.3) COROLLARY. Let N a G and Kc G with NK = G and 
Nn K = M. Let 9 E Irr(M) be invariant in K and assume 8 = qN is 
irreducible. Then induction defines a bijection Irr(K 1 9) --t Irr(G j 8). 
Proof. Since 0 is automatically G-invariant, Lemma 4.1 applies. If x t--t 5, 
thenX(l)/Ql)=8(1)/9(l)=JM:N1=IG:KJ and hence<‘=x. # 
In the situation of Corollary 4.3, if M (I G, then it is easy to see that 
K = Z&9), the inertia group. In that case, the bijection is just the standard 
Clifford correspondence (Theorem 6.11 of (6 1). Of course, Corollary 4.3 
holds even when M is not normal. 
(4.4) THEOREM. Let G be n-separable and let (S, q) ELF*(G). Let 
T = Z,(S, q), the stabilizer of the pair (S, q) in G. Then induction defines a 
bijection Irr(T ( q) -+ Irr(G ( q). 
ProoJ: There is nothing to show if S = G and so we assume S < G and 
since S is subnormal, we can choose N u G with S s N (1 G. Write M = 
Tn N and observe that (S, r]) E St*(N) and that M = I,(& q), so that 
working by induction on ( GI, we may assume that induction defines a 
bijection Irr(M 1 ?z) + Irr(N / g). 
Since M = N n T (1 T, we see that T permutes Irr(M 1 v) and we fix a set 
Y of representatives for the orbits of T in this action. Thus each 
< E Irr(T [ v) lies over a unique character 9 E 9. 
Now assume l E Irr(T 1 II) is given and choose 9 E Y as above. Write 
0 = 9N so that 13 E Irr(N 1 q). Let Z = Z&(D) and J = ZJt9). Write H = NT. We 
claim that .ZC_ Z-Z. 
If x E .Z, then 0” = 0 and we wish to show that x E H. In fact, we will 
show that x E H under the weaker assumption that 8” E Irr(N 1 q) for in this 
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case we have (S, q) < (N, 8)” and so (S, q)“-’ ,< (N, 8). It follows by 
Theorem 3.2(b) that (S, ~)x-’ = (S, r)” for some n E N and therefore, nx E T 
and x E n-‘T c H as desired. In particular, Jc H. 
Since (Pi = 6, we see that I C_ J and because q and 8 uniquely determine q
(by the inductive hypothesis), we see that Jn T c Z and hence Jn T= I. 
Now let a E Irr(Z 1 p) with a’ = r and note that by Corollary 4.3, we have 




X = PG = (a”)” = (a’)” = rG 
and thus {” E Irr(G 1 q) as required. 
Now suppose that r’ E Irr(T ( q) with (r’)’ = x. We must show that <’ = <. 
Repeating the above argument with r’ in place of r, we obtain q’ E 9 and 
8’ = (u)‘)~ E b-r(N). Now x lies over p’ and so xN has an irreducible 
constituent which lies over 0’ and this must be 8’ since (9’)” = 8’. Thus B 
and 8’ are both irreducible constituents of x,,, and so 8’ = Bg for some g E G. 
However, 19’ E Irr(N) 7) and so by an earlier argument, g E H = NT. It 
follows that we may assume that g E T. 
Since g fixes q, qg E Irr(M( v) and Q#= Og = 0’ = (q’)“. By the 
inductive hypothesis, pg = 9’ and since 9, 9’ E 9, it follows that v, = v’ and 
O= 8’. Now let a’ E Irr(lI o) with (a’)r = c’ and write /I’ = (a’)J. Then 
/I’ E Irr(JI 0) and by the previous argument, (,P)’ = (<I)’ =x = PG. Thus 
p’ =p and we conclude that a’ = a by Corollary 4.3. Therefore r’ = (a’)T = 
(a)’ = c as desired. 
All that remains is to show that the induction map Irr(T ( v) --t Irr(G 1 ~7) is 
surjective and so we suppose x E Irr(G ( II). Then xT has some constituent 6 E 
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Irr(T) r) and by the first part of the proof rG is irreducible. It follows that 
elG=x. I 
We need one more lemma before we define the nucleus. 
(4.5) LEMMA. Let G be n-separable and suppose (S, 0) EF*(G), where 
S 44 G. Let a and p be, respectively, the n-special and z’-special factors 
of 8. Then either 
(9 IG : Z,(S, al h as a prime factor in z’ or 
(ii) /G : Z&S, @I has a prime factor in n. 
In any case, Z,(S, 6) < G. 
Proof. Since S < G and is subnormal, there exists ZJ (14 G such that 
S a U and U/S is a simple group. In particular, W/S is either a n-group or 
a n/-group and by symmetry, we may assume it is a n-group. 
If /I is invariant in U, then by Proposition 2.7 it follows that every 
irreducible constituent of 19’ is n-factorable, and this contradicts the 
maximality of (S, 19). Therefore U g Z,(S, p). 
Write N= N&S) and observe that ZJS,/I) C_ N but that Z&S, p)/S $ 
O,(N/S) since U/S E O,(iV/S). Therefore, some prime in n divides 
IN : Z&S,&1 and (ii) holds. 
The last statement follows since Z,(S, 19) = Z,(S, a) n Z&S, p) and at least 
one of these subgroups is proper. I 
Now let x be any irreducible character of the n-separable group G. By 
Theorem 3.2, choose (S, V) E F*(G) with (S, q) < (G, x). Let T = Z&3, q) 
and let c E Irr(T 1 r) be such that <” =x (by Theorem 4.4). This process 
associates to the pair (G, x), a specific pair (T, t) which is determined 
uniquely up to conjugacy in G. We say that (T, 5) is a standard inducing 
pair for (G, x). Note that if x is n-factorable, then S = G and so (T, 0 = 
(G,x). If, on the other hand, x is not n-factorable, then S < G and so T < G 
by Lemma 4.5. In this case, we can repeat the process and find a standard 
inducing pair for (T, <). Continuing in this way until we reach a n-factorable 
character, we have 
where (Ti, &) is a standard inducing pair for (TiMI, ri-,) and & is n- 
factorable. At each stage, the pair (Ti, G) is determined up to conjugacy in 
Ti-i, and in particular the terminal pair (Tk, &,) is determined up to G- 
conjugacy. 
(4.6) DEFINITION. Let x E Irr(G), where G is n-separable. Any pair 
(W, y) with y n-factorable, which results from repeatedly constructing 
CHARACTERS OF n--SEPARABLE GROUPS 109 
standard inducing pairs, beginning with (G,x), is said to be a nucleus forx. 
The character y is a nucleus character for x and the set of nuclei for x is 
denoted nut(x). 
Note that if x is z-factorable, then nuck) = {(G, x)) and in any case, 
nuch) is a G-conjugacy class of pairs. Also, if y is a nucleus character for x, 
then yG =x and y is z-factorable. If (T, 5) is a standard inducing pair for x, 
then it is clear from the definitions that nut(c) G nuct’&. 
(4.7) COROLLARY. Let G be n-separable and suppose K E Irr(G) is 
primitive. Then x is n-factorable. I 
Corollary 4.7 can, of course, be proved much more directly. (For instance, 
see Theorem 2.6 of 181.) 
5. B, CHARACTERS 
We are now ready to give the definition of B,(G). 
(5.1) DEFINITION. Let G be z-separable. We write B,(G) to denote the 
set of x E Irr(G) such that some (and therefore ach) nucleus character of x 
is z-special. 
Note that if x E Irr(G) is z-special, then it is its own nucleus character and 
so lies in B,(G). Thus SJG) c B,(G) and it is appropriate to think of the 
B, characters as being “generalized z-special.” In fact, the next sections will 
be devoted to proving analogs of Lemmas 2.2, 2.3 and 2.4 for these 
characters. 
For the remainder of this section, we shall discuss some very elementary 
properties of B,(G). 
(5.2) LEMMA. Let x E B,(G), where G is z-separable, and let 
(U, 0) E X(G) with (U, 8) < (G, x). Then B is z-special. 
ProoJ Let (IV, y) E nuck) with y z-special. By definition of the nucleus, 
it follows that there exists (S, q) E Y’*(G) with (S, q) ,< (W, y) and therefore 
v is z-special by Lemma 2.2. However, (U, 19) S$ (S, q)g for some g E G, and 
the result follows. 1 
(5.3) COROLLARY. Let ,y E B,(G), where G is n-separable. Then 
O,,(G) c ker x. 
ProoJ: Write N= O,,(G) and let 8 be an irreducible constituent ofxN. 
Then 13 is &-special and so (N, 8) E F(G). By Lemma 5.2, 8 is z-special and 
hence 8= 1,. I 
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(5.4) LEMMA. Let x E Irr(G), where G is n-separable. Then the following 
are equivalent. 
(i) x is z-special. 
(ii) x E B,(G) and x(1) is a z-number. 
(iii) x E B,(G) and x is n-jkctorable. 
ProoJ That (i) implies (ii) and that (iii) implies (i) are immediate. To 
show that (ii) implies (iii), let x E B,(G) be such that x is not n-factorable 
and let (S, 0) E Y*(G) with (S, 0) < (G, x). Then S < G and by Lemma 5.2, 
r3 is n-special. In the notation of Lemma 4.5, p = 1, and conclusion (ii) of 
Lemma 4.5 does not hold. Therefore (i) holds and ) G : T( is divisible by 
some prime in rr’, where T = I,($ a) = I,($ 0). However, x = tG for some 
{E Irr(TI 0) and thus (G : T( divides x(1). It follows that x(l) is not a 
rc-number. 1 
Lemma 5.4 suggests that the characters in B,(G) are more or less 
n-special characters without condition (i) of Definition 2.1, about the degree 
of the character. In fact, if we were to say that a character x is “weakly 
n-special” if all irreducible constituents of xs have x-determinantal order for 
all subnormal subgroups S, then if [ G 1 is odd or 2 E II, it is true that the B, 
characters are weakly n-special. This can fail, however, when 2 is involved 
and the converse can fail even in groups of odd order. 
6. NORMAL SUBGROUPS WITH ~-QUOTIENTS 
In this section we begin to establish. the behavior of B, characters with 
respect o normal subgroups. 
(6.1) LEMMA. Let G be n-separable and let (S, 0) E X*(G). Suppose 
(U, (o) < (S, 0) with U Q S and S/U either a z-group or a ?-group. Let J = 
I,( U, rp). Then J E N(S). 
ProojI The group S’, being generated by conjugates of S, is subnormal 
in G. Also, SJ c (S, J) E N(U). A ssuming (as we may) that S/U is a 
x-group, we have S/U c O,((S, J)/U) and thus SJ/U is a n-group. 
Let /I be the n/-special factor of (3 and write y = fi,. Then y is irreducible 
and invariant in S. Also, y is the rr’-special factor of v, and so it is invariant 
in J and hence in (S, J) r> SJ. It follows by Proposition 2.7 that every q E 
Irr(SJ 1 q?) is z-factorable, and so if r E Irr(SJ 1 /3), we have (S, 19) < 
(SJ, q) E Y(G). Since (S, 19) E R*(G), we must have S = SJ and the proof 
is complete. I 
We now consider N (1 G, where G/N is a &-group. 
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(6.2) THEOREM. Let N Q G, where G is n-separable and G/N is a z’- 
group. Let IC/ E Irr(N) and (W, y) E nuc(yl). 
(a) If ty 6! B,(N), then no irreducible constituent of yG lies in B,(G). 
(b) Suppose y E B,(N). Then there exits a unique irreducible 
constituent x of yG which lies in B,(G). Furthermore, if V = IG( W, y), then y 
has a unique n-special extension 7 E Irr( V) and (V, 7) E nut(x). 
Prooj Let (J, q) be a standard inducing pair for v with (W, y) E nut(q). 
In particular, J= Z&Y, q), where (U, p) EST*(N) and q E Irr(J ( C,O) with 
$’ = I+ Suppose that there does exist a constituent x E B,(G) of vG and 
choose (S, 8) E X*(G) with (U, p) < (S, 0) < (G, x). 
By Lemma 3.3, S n N = U and hence U a S and S/U is a &-group. By 
Lemma 5.1, 0 is n-special (since x E B,(G)) and thus 8, is irreducible. It 
follows that 8, = o,, 9 is 7rspecial and B is the unique n-special extension of 
a, to S. Let Z = I,(.!?, 6’) and <E Irr(Z 1 8) with rG =x. 
We claim that Z = Z,(U, 9) and thus J = Z n N. First, U = N r7 S (I I and 
Z stabilizes o = 0,. This shows that ZsZ,(U, (0). Furthermore, Z&U, q) E 
N(S) by Lemma 6.1 and also Z,(U, p) stabilizes 8 since 8 is uniquely deter- 
mined by p. Thus I&U, ~7) 5 I and the claim is established. 
Next, we show that r~ is a constituent of &. To see this, let ,u be any 
irreducible constituent of & such that ,u E Irr(J) p). Then ,# is irreducible 
and is a constituent of xN, and thus (,u”)” = w for some g E G. It follows that 
(U, q)” < (N, w) and thus (U, P))~” = (U, 9) for some n & N. Thus gn & I and 
we may replace gn by g and assume g E I. We have ,uR E Irr(J( p) and 
(p”)” = I,Y and it follows that ,ug = v, which is therefore a constituent of &. 
If I = G, then by Lemma 4.5, S = G, 6 =x and x is x-special. In this case, 
v/ is n-special and (a) holds. Also in this case, W = N, V = G and (b) clearly 
holds also. 
Suppose then that Z < G. Now nuc(Q c nuck) and hence {E B,(Z). Since 
J = Z n N, we have J 4 I and I/J is a ?-group and so working by induction 
on (GJ, we conclude that q E B,(J) by (a) and thus since nut(v) c nuc(y/), 
we have y E B,(N) and (a) is proved. Also, y is n-special. 
Since 11” is irreducible, ZN( W, y) = W and so W = Vf7 N and W (I V with 
V/W a x’-group. It follows that y has a unique z-special extension y^ to V as 
claimed. By the inductive hypothesis, since (W, y) E nut(q), we have 
(Vn I, y^y,l) E rum(r) and thus (fV,[)’ = {. Since <” =x, we have 
(y^,,.,,)” =x and so (ylyn,)’ is irreducible. It follows that Vn Z = V and 
(V, 7) E nuc(l;) c nuck). Finally, x is uniquely determined since x = fG. 
What remains is to show that if v E B,(N), then, in fact, some irreducible 
constituent x of vG does lie in B,(G). Let (U, o) be as before and now 
choose (S, 0) EX*(G) with (S, 8) > (U, e?) and (S( as large as possible. As 
before, U= S n N by Lemma 3.3 and so U (1 S and S/U is a ?-group. 
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Also, v, is rc-special since v E B,(G) and it follows that aI; = cp, where a is 
the n-special factor of 8. Thus (U, 9) < (S, a) E.Y(G) and by the 
maximality of ISI, we see that (S, a) E c++-*(G). We may thus assume 8 is 
z-special. 
Now let J = ZN( U, ~0) and Z = Z&S, 0). Exactly as in the earlier part of the 
proof, we have J = Zn N and so J (1 Z and Z/J is a rt’-group. Let 
r~ E Irr(J ( rp) so that (J, r) is a standard inducing pair for v. In particular, 
vN = v and r~ E B,(J). 
If Z = G, then S = G, U = N and v = rp and we can take x = 6. Otherwise, 
Z < G and by the inductive hypothesis, we can choose r E Irr(Z 1 r~) with 
re B,(Z). Now (U, rp) < (J, ?z) Q (Z, 0 and so we may choose ,u E Irr(S) with 
(U, rp) < (S,p) < (Z, <). By Corollary 2.9, ,D is n-factorable and thus 
(S,,D) ET(Z) and ZI is -/-special by Lemma 5.2. Therefore p = 8 and 
r E Irr(Z 1 8). It follows that x = rG is irreducible and x E B,(G). Finally, v is 
a constituent of (c,n,v)N and so is a constituent of (r’), = xN. 1 
(6.3) COROLLARY. Let N CI G, where G is n-separable and G/N is a 
rr-group. Let ye E B,(N) be invariant in G. Then y has a unique extension 
x E B,(G). 
Proof. Let (IV, y) E nuc(yl) and V = ZG( W, y). If g E G, then (W, y)” E 
nuc(y/) since v/g = v/ and therefore gn E V for some n E N. It follows that 
g E I/N and thus G = VN. Also, vn N = W since yN is irreducible. 
Now let j? be the z-special extension of y to V as in Theorem 6.2. Then x = 
(y^)” is the unique irreducible constituent of vG which lies in B,(G). Also 
XN = ((y^)“), = ((j%‘>” = YN = w’ 1 
(6.4) COROLLARY. Let N c K _C G, where G is z-separable, N CI G and 
G/N is a &-group. Suppose n E B,(K). Then some irreducible constituent x 
of rG lies in B,(G). 
Proof Let w be an irreducible constituent of qN and note that w E B,(N) 
by Theorem 6.2(a), applied to K. Let (W, y) E nuc(y/) and Y= Z,( W, y). Let 
y^ be the z-special extension of y to V and write x = (yl)G so that x E B,(G). 
NOW v = Vvn,AK and this is a constituent of xK, as required. 1 
(6.5) COROLLARY. Let N a G, where G is n-separable and G/N is a z’- 
group, Let x E B,(G). Then xN is a sum of distinct irreducible constituents 
and each lies in B,(N). 
Proof: Let w be any irreducible constituent of xN so that w E B,(N) by 
Theorem 6.2(a). Let T = Z,(w) and let r] E B,(T) extend w by Corollary 6.3. 
Then qG is irreducible and it lies in B,(G) by Corollary 6.4. It follows that 
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qG =x since by Theorem 6.2, there is a unique constituent of I,V’ in B,(G). 
Now [x,, w] = [qN, I,V] = 1 and the result follows. a 
Before proceeding to the case where G/N is a z-group, we mention one 
more result along these lines. 
(6.6) COROLLARY. Let N c K E G, where G is zt-separable, N (3 G and 
G/N is a ?-group. Let x E B,(G). Then every irreducible constituent of xK 
lies in B,(K). 
ProoJ Let q E Irr(K) be a constituent of xx and let v be an irreducible 
constituent of v~. Since x E B,(G), we have w E B,(N) and w extends to 
C; E B,(T), where T = I,(v). Then @” E B,(G) and so I,?” =x. Now (d,,)” 
is an irreducible constituent of xX which lies over w, and since (xN, w] = 1, 
the only possibility is that (I,?,,,)” = q. It therefore suffices (by 
Corollary 6.4) to show that (I&,, E B,(TfI K). 
Now some extension 8 of I,V lies in B,(Tn K) and we must have that 3 is 
a constituent of OT by Corollary 6.4 since I$ is the unique B, character in 
Irr(T) w). Therefore 6 is a constituent of (I@)~~~ (which is irreducible) and 
we conclude that (I@)~,-,~ = 19 E B,(Tn K), as reqired. m 
7. NORMAL SUBGROUPS WITH X-QUOTIENTS 
The key result here is the following. 
(7.1) THEOREM. Let G be n-separable and suppose N 4 G and G/N a 
r-group. Let I,U E Irr(N) and x E Irr(G ) w). Then w E B,(N) zpx E B,(G). 
We need some preliminary facts. 
(7.2) LEMMA. Let N (1 G and suppose a E Aut(G) stabilizes N and acts 
trivially on G/N. Let 0 E Irr(N) be invariant in G and invariant under u. 
Then there exists a linear character II E Irr(G/N) such that x” = XA for all 
x E Irr(G ( 8). 
ProojI The character 13 is invariant in r= G(a) and [G/N, (a)N/N] = 1. 
In the notation of Lemma 2.4 of [4 J, it follows that x”(g) = ((a, g))@ x( g) for 
all g E G. We define A(g) = ((6, g))e and observe that 1 is a linear character 
of G/N by Theorem 2.3 of [4]. 1 
(7.3) PROPOSITION. Let N u G and S c G and write U = Nf7 S. Let 
v, E Irr(U) and J = I,(U, q~). Assume that J c N(S). Let 19 E Irr(S ) q~) and 
I = I,(& 8). Then 
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(a) Z G N(J). 
(b) Zn.J 4 ZJ. 
(c) (Z:zn.Z( divides lG:N12. 
(d) jJ:ZnJJ divides JG:Nj. 
Proof: Since S CJ Z and U = N n S, we have U (I Z and Z permutes the 
irreducible constituents of 8,. In particular, if x E Z, we have @ = @ for 
some s E S and it follows that P = .Z”. However, [.Z, S] E N n S = U E J 
since .Z c N(S), and we conclude that S E N(J) and .P = J. Thus Jx = .Z and 
(a) is proved. Also Z n .Z (1 I. 
To prove (c), observe that ] Z : Z n NJ divides ] G : NJ and so it suffices to 
show that (Zn N : Zn J] also divides (G : N]. To this end, define 
B = {s E S ( qP = (px for some x E Z n N). 
If s, tE B, then (ost =(gxt for some x E z n N. However, (zn N, S] E 
Nn S = U since Z c N(S). It follows that @’ = (ptx and so @’ = c$” = CJP’~ 
for some y E Zn N. Thus st E B and so B is a subgroup of S. Note that 
U c B and thus (B : U( divides (S : U( which in turn divides ]G : Nl. 
Now \Zn N : Z n J] is the size of the orbit of cp under Zn N. By the first 
paragraph of the proof, it follows that the orbits of v, under Zn N and B are 
identical and so the (Zn N)-orbit of cp has cardinality dividing ] B : UI. The 
proof of (c) is now complete. 
What remains is to show that ZnJ Q .Z and that (J : Jn I] divides 
(G : N(. For these purposes, it is no loss to assume that rp is invariant in S 
since if we write S, = Z,(q) and choose 19, E Irr(S, ] o) with (0,)” = 0 and 
write I, = Z,(S,, 19,,), then Z, n .Z = Zn J. (Note that the assumption that 
.ZE N(S) is used to establish that ZO n .Z c I. That Z n J c I, follows by the 
uniqueness of O,.) Also J E N(S,) since, in fact, [J, S,] g U. We may 
therefore replace (S, 0) by (S,, 0,) and assume that rp is invariant in S, as 
claimed. 
Since J acts on S, stabilizes rp and centralizes S/U, Lemma 7.2 applies and 
for each x E .Z, 8” = 6% for some linear character A of S/U. Since all such A 
are stabilized by .Z, it follows that Z n J is the kernel of the action of .Z on the 
J-orbit containing 8. Thus Z n J a .Z and (b) is completely proved. 
Now let 
A = {A E Irr(S/U) ( f% = 8” for some x E J}. 
Then A is a set of linear characters which, in fact, forms a group under 
multiplication since if 1, P E A, then 
(pn)e = pex = (pey = eyx 
for some x, y E J. In particular, IA ( divides (S/U\, and so divides ( G : Nl. 
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We see that JJ: JnZI is the size of the J-orbit containing 8 and this is 
also an orbit under A. Statement (d) now follows, and the proof is 
complete. I 
The form of Proposition 7.3 which we need is the following. 
(7.4) COROLLARY. Let G be z-separable and suppose N 4 G with G/N 
a z-group. Let (U, q~) EX*(N) and (U, 9) < (S, 19) E.F*(G) and put J= 
Z,(U, p) and Z = Zo(S, 0). Then 
(a) ZnJaZ, 
(b) ZnJaJ, 
(c) Z/(Z n J) and J/(Z n J) are n-groups. 
Proof To apply Proposition 7.3, we need that J c N(S) and U = N n S. 
The first requirement is satisfied by Lemma 6.1 and the second by 
Lemma 3.3. I 
Proof of Theoem 7.1. Let (U, 9) E R*(N) with (U, q~) < (N, w). We have 
(U, o) E.F(G) and (U, p) < (G, x) and so we choose (S, 0) E F*(G) with 
(U, p) ,< (S, 0) ,< (G, x). Let J = Z,(U, 9) and Z = I,($@ and obtain g E 
Irr(ZI Z3) with r” =x. Let t E Irr(Zn Jl v) be a constituent of r,,-,, and 
choose q E Irr(J) with (Zn J, r) < (J, r,r) < (G, x). Then r7 E Irr(J) o) and so 
gN is irreducible and thus lies in the G-orbit containing I,V and it is no loss to 
assume that qN = v. 
Now x E B,(G) iff g E B,(Z) and also w E B,(N) iff g E B,(J). If Z < G, 
then also J < G (since J E N) and working by induction on 1 GJ we can 
conclude that < E B,(Z) iff r E B,(Z n J) and this happens iff v E B,(J). (Of 
course, we are using Corollary 7.4.) The proof is complete in this case and 
so we may assume Z= G. Then S = G by Lemma 4.5, and x is z-factorable 
and thus so is v. Bo Corollary 5.4, we must show that x is z-special iff I,U is 
n-special. This, however, is immediate via Lemmas 2.2 and 2.3. 1 
(7.5) COROLLARY. Let G be n-separable and let x E B,(G). Then every 
irreducible constituent of xN lies in B,(N) f or every normal (or subnormal) 
subgroup N. 
Proof Apply Theorems 6.2 and 7.1 repeatedly. 1 
(7.6) COROLLARY. Let G be z-separable and let NE K c G, where 
N (I G and G/N is a z-group. Let x E Irr(G) and r7 E Irr(K) with 
[x,, ~1 f 0. Then x E B,(G) 2X it E B,(K). 
Proof: Let v be an irreducible constituent of qN and use Theorem 7.1 
twice, to compare x with I+V and q with w. I 
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8. HALL ~~UBGROUPS 
Our object in this section is to investigate the decomposition of xH, where 
x E B,(G) and H is a Hall n-subgroup of G. Our results can be considered to 
be a generalization of the situation for n-special characters for which 
restriction to H defines an injection into Irr(H). (See Proposition 6.1 of [3 1.) 
The following is Theorem B of the Introduction. 
(8.1) THEOREM. Let G be z-separable and let H c G be a Hall z- 
subgroup. Suppose x E B,(G). The following then hold. 
(a) If a E Irr(H), then 
41) > lx,, al x(l),. 
(b) xN has an irreducible constituent a with a( 1) =x(l),. 
(c) If a is as in (b), then for y E B,(G), we have 
[wHyal= i I 
if Y/=X 
if ~fx. 
We can give as a corollary the corresponding result about z-special 
characters which was mentioned above. 
(8.2) COROLLARY. Let G be n-separable and let H c G be a Hall 7c- 
subgroup. Then restriction defines an injection from the set of n-special 
characters of G into Irr(H). 
Proof If x E Irr(G) is z-special, then x E B,(G) and Theorem 8.1 
applies. Let a be an irreducible constituent of xN. Since x( 1) is a n-number, 
Theorem 8.1 (a) yields 
41) >x(l), =x(l) 
and thus xN = a. That the restriction map is one-to-one follows from 
Theorem 8.1 (c). 1 
The key to the proof of Theorem 8.1 is the following. 
(8.3) PROPOSITION. Let G be z-separable and let H be a Hall 7c- 
subgroup. Then for a E Irr(H), we have 
4) = C Ia’, xl x(I),. 
,YEB,(G) 
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Proof: For any character 0 E Char(K), where K is z-separable, let us 
define 
We wish to show that f(a) = f(a”) f or all characters a E Char(H), and we 
do this by induction on (G]. 
Let A4 4 G be a maximal normal subgroup. We consider first the case 
where G/M is a &-group. Then HE A4 and we have f(a) = f(a”) by the 
inductive hypothesis. Since a’ = (cz”‘)~, it suffices to show that f(e) = f(BG) 
for 19 E Char(M) and by the linearity off, it is enough to do this for 
0 E Irr(M). If 0&B,(M), then f(B) = 0 and by Theorem 6.2(a), no 
irreducible constituent of 0’ lies in B,(G) so that f(B’) = 0 as required. 
If 8 E B,(M), thenf(B) = 8(l), and in this case, by Theorem 6.2(b), there 
is a unique irreducible constituent x of 0’ which lies in B,(G). By 
Corollary 6.5, 1 = [19, xw] = [B’, x], and so f(BG) = x(l),. However, 
x( 1)/0( 1) divides ] G/M] and so is a rc’number, and we have 
.wC) =x(l), = d(l), = f(Q 
as desired. 
Now suppose G/M is a n-group so that MH = G. Since H and Mn H are 
r-groups, we have f(a) = a( 1) = f(a M,-,H), and by the inductive hypothesis, 
f(a,,,) = f((aMnd”) = f((a”M 
It therefore sufices to prove for 19 E Char(G) that f(0) = j(B,), and for this 
purpose, we may assume that 19 E Irr(G). 
If 8 6Z B,(G), then f(B) = 0 and in this case, no irreducible constituent of 
oM lies in B,(M) by Theorem 7.1. Therefore,f(B,,,) = 0 as required. 
Suppose BE B,(G) so that f(B) = 19(l), . In this case, we can write 
where vi E B,(M) (by Theorem 7.1) and all of the vi have equal degrees. 
Then f(B,) = &vi(l),. However, f(0) = 0(l), = (etv,(l)),. Since e and t 
necessarily divide )G/Mj which is a n-number, the result follows. m 
(8.4) COROLLARY. Parts (a) and (c) of Theorem 8.1 hold. 
Proof: Immediate. I 
To prove Theorem 8.1 (b), we show slightly more. 
118 I. M.ISAACS 
(8.5) PROPOSITION. Let G be n-separable and let HC G be a Hall z- 
subgroup. Let x E B,(G) and suppose x = yG with y( 1) a x-number, where 
y E Irr( W) for some subgroup W s G such that W n H is a Hall n-subgroup 
in W. Let a = (ywnH)“. Then 
(a) a is an irreducible constituent of x,, and 
(b) a(l) =x(l),. 
Proof. Since yG = x, we see that yWriH is a constituent of x,,,~, and so we 
can choose some irreducible constituent p of xH such that pw, and Y,,,,~,, 
have some common irreducible constituent 6. 
Now 
P(l)<s”(l)=s(l)IH: WnHI<y(l)(H: WnHI. 
Also, ) 1Vn HJ =) WI, so that 
JH: WnHI=JGI,//WI,=/G: WI, 
and therefore 
x(l),=(y(l)(G: Wl),=y(l)lG: Wl,=y(I)lH: wnHl>p(l). 
By Theorem 8.1 (a), p( 1) > x(l), and thus we have equality throughout. In 
particular, S(1) = y(l) and dH(l) = p(1). It follows that 6 = ywrw and a = 
(ywnH)” = 6” =p. The result now follows. I 
Proof of Theorem 8.1. It has already been observed that (a) and (c) are 
true. To prove (b) it suffices to find a pair (W, y) with yF =x, y(l) a z- 
number and wn H a Hall n-subgroup in W. The first two conditions are 
satisfied by any (W, y) E nuck). If U is a Hall n-subgroup in W, then 
Ug s H for some g E G, and replacing (W, y) by (W, y)g gives the desired 
pair. 1 
(8.6) DEFINITION. Let G be z-separable and let H be a Hall n-subgroup 
of G. We say that a E Irr(H) is a Fang character of H in G if there exists 
x E B,(G) such that a is a constituent of xH and a( 1) = x(l), . We say that a 
is associated with x. 
The content of Theorems 8.1(a) and (b) is that the Fong characters 
associated with x E B,(G) are precisely the irreducible constituents of 
minimal degree of xH for Hall z-subgroups H c G. 
We close this section with a corollary which will not be needed in the 
present work. 
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(8.7) COROLLARY. Let G be a-separable and let HE G be a Hall x- 
subgroup. Suppose x E B,(G) is a monomial character. Then some Fong 
character a E Irr(H) associated with x is monomial. 
Proof Take y to be linear in Proposition 8.5. Then a = (Y,,,~)~’ is a 
monomial Fong character associated with x. I 
9. RESTRICTION TO Z-ELEMENTS 
The principal goals of this section are to show that the restrictions x* to 
the set of r-elements of G of the characters x E B,(G) form a basis for the 
space of n-regular class functions, and to show that the restriction VI* for 
any other w E Irr(G) is a non-negative integer linear combination of 
thesex*. Part of this is immediate from the results of the previous section. 
(9.1) COROLLARY. Let G be n-separable. Then the functions x* are 





for some coefficients a, E 6. Let H be a Hall x-subgroup of G and for each 
x E B,(G) choose an associated Fong character a,E Irr(H) so that 
[a,, v/,] = 4,,,, the Kronecker delta, for x, I// E B,(G). Now C a+, = 0 and 
so 
(9.2) COROLLARY. Let G be n-separable. Then /B,(G) is no greater 
than the number of classes of x-elements of G. I 
(9.3) THEOREM. Let G be n-separable. Then )B,(G)) is equal to the 
number of classes of z-elements of G. The restrictions x* of x E B,(G) to n- 
elements are distinct and form a basis for the z-class functions of G. 
We shall prove Theorem 9.3 by counting classes and using induction on 
IG(. We need the following general group theoretic fact. 
(9.4) PROPOSITION. Let N a G, where G is anyfkite group and G/N is 
a cyclic n-group. Then the number of classes of n-elements of G which are 
classes of N is equal to the number of classes of n-elements of G which are 
contained in any one coset of N in G which generates G/N. 
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Note that the classes of N are permuted by G and thus each G-class 
contained in N is a union of N-classes. The classes of G which are classes of 
N are therefore precisely the G-invariant N-classes. The first of the two 
allegedly equal quantities in Proposition 9.4 is thus the same as the number 
of G-invariant classes of n-elements of N. 
Since G/N is abelian, each G-class is contained in a single coset of N and 
hence each such coset is a union of G-classes. If Ng is a generating coset for 
G/N, then, in fact, the conjugation action of N on Ng is transitive on each G- 
class KC Ng. To see this, observe that we may assume g E K. Since 
G = (g)N, we have K = gG = 8, as claimed. It follows that the second of 
the two quantities asserted to be equal in Proposition 9.4 is the same as the 
number of N-orbits (under conjugation) of n-elements contained in any one 
generating coset. 
Before proceeding with the proof of Proposition 9.4, we digress to mention 
an amusing corollary. 
(9.5) COROLLARY. Let TC be any set of primes containing 2. If n is any 
positive integer, then the following are equal. 
(i) The number of partitions of n into z-numbers uch that there are 
an odd number of even parts. 
(ii) The number of partitions of n into n-numbers uch that there are 
an even number of even parts and it is not the case that all parts are odd and 
distinct. 
Proof: Take G = S, the symmetric group, and N = A, in Proposition 9.4. 
It is clear that (i) is the number of G-classes of n-elements in the nontrivial 
coset of N. On the other hand, (ii) is the number of G-classes of x-elements 
contained in N with the property that their elements centralize some odd 
permutation. This property is precisely equivalent o the class being, in fact, 
a class ofN. 4 
Proof of Proposition 9.4. Let M denote the set of those elements m E N 
such that N acts transitively (by conjugation) on the G-class of m. Then N 
acts on M and we write a to denote the number of N-orbits of n-elements 
in M. Similarly, let b denote the number of N orbits of n-elements in some 
lixed coset Ng such that G/N = (Ng). A s was remarked earlier, we need to 
show that a = b. 
We now define three collections of ordered pairs: 
and 
.d = {(n, m) 1 n E N, m E M is a n-element and mn = nm}, 
57 = ((n, x) ) n E N, x E Ng is a n-element and xn = nx), 
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and so our object will be to show that )&I = ),WI. 
We claim first that I&‘( = I@?‘(. To see this, observe that if (u, y) E SF, we 
have G = (y)N and so U’ = uN and u E M. Therefore, 




(.Ml= c 1 cG(m> n Nt. 
PIIEM 
ma n-element 
However, for m E M, we must have G = NC,(m) and we can write g = nc 




and (d/ = /‘F’( as desired. 
Now to show that /91= 159 
set, this time of triples. Let 
1and complete the proof, we define one more 
d = {(u, u, x) ) u E N is a n-element, 
u E N is a Y-element, 
x E Ng is a z-element 
and U, U, x all commute}. 
We claim that the map (u, U, x) I-+ (uu, x) defines a bijection between K 
and 9 and that (u, v, x) t-+ (u, OX) is a bijection between kF and 57. The 
result will follow when this is established. 
We clearly have defined maps into 9 and g, respectively, and these maps 
are one-to-one since every element of G has a unique decomposition into 
commuting 7~ and +-elements. 
Now let (n, x) E 9 and write n = UU, where u is a z-element, v is a 
&element and uu = UU. Then u and z, are both powers of n and it follows 
that (u, U, x) E K and the first map is onto 9. 
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Finally, if (u, y) E g, decompose y = ax, where u is a xl-element, x is a 
n-element and vx = vx. Since GIN is a n-group, it follows that v E N and 
x E v-‘Ng = Ng. Now (u, v, x) E d as before and the proof is complete. 8 
We need one more preliminary lemma. 
(9.6) LEMMA. Let G be a z-separable group for which (B,(G)1 is equal to 
the number of classes of z-elements. Let o E Aut(G). Then a fixes the same 
number of x E B,(G) as it fixes classes of n-elements. 
ProoJ This variation on Brauer’s lemma (see Theorem 6.2 of (6 1) 
follows by the usual argument once we observe that the submatrix of the 
character table of G given by the B, characters and the n-classes is a square, 
nonsingular matrix. 
This submatrix is square by hypothesis and it is nonsingular since its rows 
are linearly independent by Corollary 9.1. I 
Proof of Theorem 9.3. Observe that by Corollary 9.1, it suffices to prove 
the first statement. We work by induction on IGI and choose a maximal 
proper normal subgroup N 4 G. By the inductive hypothesis, Lemma 9.6 
applies to N and it follows that each g E G fixes equal numbers of 
IJI E B,(N) and N-classes of n-elements of N. It follows that the number of G- 
orbits on B,(N) is equal to the number of G-classes of n-elements contained 
in N. 
First, suppose G/N is a ?-group. Then all n-elements of G lie in N and 
thus the number of n-classes of G is equal to the number of G-orbits on 
B,(N). By Theorem 6.2(a), however, each x E B,(G) lies over one of these 
orbits, and by part (b) of the same theorem, each orbit corresponds to one 
and only one suchx. The result follows in this case. 
Next, suppose G/N is a cyclic n-group so that 1 G : Nl = p E x. Let a be 
the number of G-invariant characters in B,(N) and let b be the number of 
noninvariant characters in B,(N), all of which are permuted into orbits of 
size p. By Theorem 7.1, it follows that 
P,(G)1 = pa + b/p. 
By the inductive hypothesis, N has a + b n-classes and by Lemma 9.6, a 
of these are classes of G. Thus the number of G-classes of x-elements 
contained in N is a + b/p. By Proposition 9.4, each of the p - 1 nontrivial 
cosets of N in G contains exactly a n-classes of G and therefore the total 
number of ?r-classes of G is (a + b/p) + (p - 1)a and the result follows in 
this case. 
Finally, assume G/N is a noncyclic n-group. It suffices by Corollary 9.1 to 
show that the functions x* for x E B,(G) span the n-class functions, and this 
will be accomplished if we succeed in constructing for each n-element g E G, 
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a complex linear combination Z of B,(G) such that E(g) # 0 and S(h) = 0 
for all z-elements hE G which are not conjugate to G. 
Fix the z-element g and write K = (N, g). Observe that K < G since G/N 
is not cyclic, and thus we may apply the inductive hypothesis to K. In 
particular, there exists a complex linear combination A of B,(K) such that 
A(g) # 0 and A(y) = 0 for all z-elements y E K which are not K-conjugate 
to g. By Corollary 7.6 , S = AC is a complex linear combination of B,(G) 
and we observe that S(g) = (m/lKJ) A( g), where m is the number of x E G 
such that gX E K and gX is K-conjugate to g. In particular, m # 0 and so 
E(g) # 0. 
If, on the other hand, h E G is a z-element which is not conjugate to g, 
then /i(P) = 0 whenever h” E K, and thus E(h) = 0. This completes the 
proof. 1 
10. DECOMPOSITION NUMBERS 
We have now accumulated enough information to see that the restrictions 
II* to z-elements of q E B,(G) behave like Brauer characters. In fact, when 
7c = p’, these are precisely the Brauer characters with respect o p. 
(10.1) COROLLARY. Let G be n-separable. Then there exist nonnegative 
integer “decomposition numbers” d,, for L$ E Irr(G) and v E B,(G) such that 
(a) t* = oeFcG, d,, v*for all t E WG). 
1 
Furthermore, if w E B,(G) and a is any Fong character associated with t,u, 
then 
Proof. Since (q* 1 q E B,(G)} is a basis for the n-class functions (with 
distinct r’s having distinct restrictions), there are uniquely determined 
complex numbers d,, such that (a) holds. In order to show that these coef- 
ficients are nonnegative integers, it suffices to prove (b). 
By Theorem 8.1(c) we have 
for v E B,(G). (Here, H is the Hall Ir-subgroup on which a is defined.) For 
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This establishes (b) and completes the proof. I 
For x E Irr(G), we shall say that x* is irreducible if it cannot be written in 
the form x*=p*+v * for ,u, v E Char(G). In the notation of the 
Introduction, the set of irreducible restrictions to the n-elements of G is 
I”‘(G). The following proves Theorem A. 
(10.2) COROLLARY. Let G be n-separable. The map y k+ w* defines a 
bijection of B,(G) onto I”‘(G). In particular, I”‘(G) is a basis for the n-class 
functions of G. 
Proof. Let y E B,(G). If v* =,u* + v*, where p, v E Char(G), we can 
use Theorem 10. I(a) to write ,u* and v* in terms of q* for r E B,(G). Thus 
P*= C a,rl* and v*= \’ L 0” 
v--,(G) qEB,(G) 
and therefore, by linear independence, 
a, + 6, = 
i 
1 if q = w, 
0 if r # w. 
However, a,, and b, are nonnegative integers and thus either all a,, = 0 or all 
b, = 0. Therefore (say) ,u * = 0. This is impossible, however, since ,u( 1) > 1, 
and we have shown that I,V* E I”‘(G) as desired. 
Our map is one-to-one by Corollary 9.1. To see that it is onto, let x* be 
irreducible, with x E Irr(G). However, 
and since the d,, are nonnegative integers, the irreducibility of x yields that 
only one of these decomposition umbers is nonzero, and that one equals 1. 
Thus x* = q* for some rl E B,(G). 
The last assertion is now immediate by Theorem 9.3. I 
(10.3) COROLLARY. Let G be p-solvable for some prime p. Then the map 
y tr w* defines a bijection from B,,(G) onto IBr(G). 
Prooj As was remarked in the Introduction, it is a consequence of the 
Fong-Swan theorem that IBr(G) = Ip(G) and the result follows from 
Corollary 10.2. I 
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In fact, Corollary 10.3 can be proved without direct reference to the 
Fong-Swan theorem. It follows from a more general result in the next 
section. 
11. BRAUER CHARACTERS 
If G is z-separable and x E Irr(G) is x-special, then x is modularly 
irreducible with respect o every prime p 6?J 7~. This result of Gajendragadkar 
(Proposition 6.3(b) of [3]) is immediate from Corollary 8.2. The principal 
goal of this section is to prove the corresponding result for all x E B,(G). It 
will be convenient o change notation and write x* to denote the restriction 
of x to the p-regular elements of G. Note that every z-element is p-regular 
since p 65 z 
(11. I) THEOREM. Let G be x-separable and let p 65 TC be a prime. Then 
the map x+-+x* defines an injection B,(G)+ IBr(G), where the asterisk 
denotes restriction to p-regular elements. 
(11.2) LEMMA. Let N 4 G with ~$1 G : Nl and assume IC/ E Irr(N) 
satisfies 
(i) w* E IBr(N), 
(ii) ifg E G and (w”)* = ty*, then I@ = v/. 
Then x t, x* defines an injection of Irr(G 1 y) into IBr(G). 
ProojI This is Theorem 3.1 of [ 5 1. a 
Proof of Theorem 11.1. Let N a G be a maximal proper normal 
subgroup so that G/N is either a n-group or a &-group. Also, working by 
induction on (GJ, we may assume that the theorem holds for N. 
First, assume that G/N is a x-group so that pJi( G : NI. Let x E B,(G) and 
let I+Y be an irreducible constituent ofxN. By Theorem 7.1, II/ E B,(N) and by 
the inductive hypothesis it follows that v satisfies the hypotheses of 
Lemma 11.2 and so we can conclude that x* E IBr(G) as desired. 
If also r E B,(G) and <* =x *, then <,,, must have some irreducible 
constituent v such that w* is a Brauer constituent of q*. Since r E B,(N), we 
have q* E IBr(N) and thus v* = r* and ly = v by the inductive hypothesis. 
It now follows that <=x since the map in Lemma 11.2 is injective. 
Now we consider the remaining case where G/N is a Y-group. Let 
x E B,(G) and let IJY be an irreducible constituent of x,,,. Then I,V E B,(N) by 
Theorem 6.2(a) and so v* E IBr(N) by the inductive hypothesis. We can 
choose an irreducible Brauer constituent v, of x* such that wx is a 
constituent of o,,+, and it follows that all of the G-conjugates of I* are also 
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constituents of qPN. By the inductive hypothesis, the distinct G-conjugates of 
w have distinct restrictions to p-regular elements, and we conclude that 
co(l) > w(l) IG : Mvl. I-I owever, by Corollary 6.5, ;yK is multiplicity free 
and hence x(l) = ~(1) (G : IG(~)I. Thus o(l) >/x(l) and therefore x* = cp as 
required. 
Finally, suppose <E B,(G) and <* =x*. Then C;, has some irreducible 
constituent q E B,(N) with Q* = v/* and so, as before, w = q. If follows that 
x = < by Theorem 6.2(b). fl 
We can now give an alternate proof of Corollary 10.3 which does not 
assume the Fong-Swan theorem. In particular, this proves the Fong-Swan 
theorem. 
Proof of Corollary 10.3. By Theorem 11.1, the map B,,(G) to IBr(G) is 
an injection. However, both sets have cardinality equal to the number of p- 
regular classes of G, and so the map is onto. I 
12. CHARACTER VALUES 
Let us write Q, to denote the field obtained by adjoining all complex 
&h-roots of unity of Q, for all n-numbers n. In Proposition 6.3(a), Gajen- 
dragadkar showed that values of n-special characters of n-separable groups 
lie in Q,. In fact, this holds for all x E B,(G). 
(12.1) COROLLARY. Let G be n-separable and let x E B,(G). Then 
x(g)EQ,forallgEG. 
ProoJ It suffices to show that every automorphism u of the complex 
numbers which fixes all nth roots of unity for all z-numbers n fixes x. It is 
clear that 1” E B,(G) and xH = kg),, for a Hall n-subgroup H s G. It 
follows by Theorem 8.1(c) that x = x”. 1 
As a partial converse to his Proposition 6.3(a), Gadjendragadkar pointed 
out that if G is n-separable and either 2 E 7c or 2k1 G(, then the n-special 
characters of G are precisely those x E Irr(G) of n-degree such that every 
irreducible constituent B of xN for every N (I a G has values in Qx. (This is 
immediate from the definition of n-special.) 
(12.2) THEOREM. Let G be n-separable and assume either that 2 E n or 
24’1 GI. Let x E Irr(G) have the property that every irreducible constituent 0 
of xN has values in Cl!, for every N 4 a G. Then x E B,(G). 
Proof: Let M (1 G be a maximal proper normal subgroup of G and let w 
be an irreducible constituent of xM. Working by induction on 1 G 1, we may 
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assume that the theorem holds for M and we conclude that w E B,(M). If 
G/M is a x-group, then x E B,(G) by Theorem 7.1. 
Assume then, that G/M is a ?-group and let T = Lo(v). Let 9 be the 
unique extension of I// to T which lies in B,(T). (We are appealing to 
Corollary 6.3.) Also, let 11 E Irr(TJ w) with qG =x. It follows by a result of 
Gallagher (Corollary 6.17 of [6]) that v = $0 for some uniquely determined 
/3 E Irr(T/N). 
If o is any automorphism of the complex numbers which fixes all x-roots 
of unity, then x” =x and @’ = v/ and it follows that p” =p since /I is 
uniquely determined by v and x. Therefore, /3 has values in Q,. The group 
T/N, however, is a Y-group and it follows that /I is rational valued. Since 
) T/N] is odd, we conclude that /3 = 1 T and r = @. Thus x = 9’ E B,(G) by 
Corollary 6.4. 1 
A further result along the same lines is the following. 
(12.3) THEOREM. Let G be x-separable and assume 2 E 7~ or 24JG(. Let 
x E Irr(G) have values in Q, and suppose that x* E I”‘(G). (Here, of course, 
the asterisk denotes restriction to n-elements.) Then x E B,(G). 
Proof. Let (W, y) E nucb) and write y = a@, where a is z-special and /I 
is ?-special. We must show that /3 = 1 w. Let cr by any automorphism of the 
complex numbers which fixes all n-roots of unity. Then x” =x and it follows 
that (W, y”) E nut(x) and hence y” = 71~ for some g E N&IV). Since 
(y*)” = y*, we conclude that y* = (y*)“. 
Now we claim that y* E I”‘(w), for otherwise y* =P* + V* for some ,u, 
v E Char(W) and thus x* = (y”)* = (,u”)* + (v’)*, which contradicts 
x* E I”‘(G). By Corollary 10.2, y* = q* for some unique 9 E B,(W) and it 
follows that qg = n. 
We have x* = (y”)* = (q”)* since v* = y*. It follows that qG E Irr(G) 
since xx E I”‘(G). Since (W, n)g = (W, a) and r,rG is irreducible, we must 
have g E W and thus yg = y. 
At this point, we know that y” = y and thus /3” =/I and it follows that /3 
has values in Q,. Since ,8 is n’-special, & E Irr(K), where K is a Hall x’- 
subgroup of W, and since K is an odd xc’-group, it follows that /?, = 1, and 
thus /3 = 1 w by Corollary 8.2. 1 
(12.4) COROLLARY. Let G be p-solvable with p # 2. Then for each v, E 
IBr(G), there exists a unique p-rational x E Irr(G) with x* = 9. Furthermore, 
every irreducible constituent of xN is p-rational for every N (14 G. 
Proof This is immediate from Corollary 10.3, Corollary 12.1, 
Theorem 12.3 and Theorem 12.1. m 
Note that Corollary 12.4 is, in fact, the main result, Theorem 1.2, of 15). 
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